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Abstract

In this project we look into binary number systems with a radix other than 2 and their 

possible uses in genetic algorithms. The intent is to see if the built-in qualities of the 

number systems are in some way applicable to navigating a search space. A 

literature review is carried out on genetic algorithms, possible number systems and 

test problems. Genetic algorithms are then devloped to accomidate the selected 

number systems and problem spaces, then testing is performed. The results show 

that adding arithmetic properties from the number systems to the operations of the 

genetic algorithm can in some cases be detrimental (carry mutation) but in other 

cases increase convergance rate and accuracy (standardisation).
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Literature review

1. Genetic Algorithms
1.1 Background of GAs
Genetic algorithms are metaheuristics that attempt to find a sufficiently good solution 
to either an optimisation or search space problem. They are found in the fields of 
Artificial Intelligence and, more apropriately, Artificial Life. The process begins with 
encoding an input into two or more parent genes then breading a new population of 
individuals by using the genetic operators crossover and mutate. Then each 
individual is judged with a fitness function and the fittest are used to populate the 
next generation. The encoded version of an individual is called the genotype and 
can be seen as the plans for a thing, the decoded version is called the phenotype 
and is the thing itself. The phenotype is what the fitness function tests. The fitness of 
an individual is specific to the task at hand, for example it may test how much a 
polynomial deviates from a set curve with the smallest deviation being the fittest. But 
also the fitness function could take a phenotype of character abilities then simulate 
that character in a situation to measure the fitness. (R C Charkaborty 2010).

Philosophy
Charles Darwin first introduced the Theory of Evolution in 1858 which stated that 
variations occur in reproduction and are preserved through generations. In 1866 
Gregor Mendel published the first probilistic model of how the Theory of Evolution 
might work - this was the first concept of genetics. At the time Darwin's Natural 
Selection didn't rule out the possibility of Jean-Baptiste Lamarck's belief that an 
organism could pass on characteristics developed during its lifetime to its offspring 
(Lamarckism). By the end of the 19th century August Weismann, on the basis of his 
Germ Plasm Theory, had discarded Lamarckian views stating there was no way for 
the somatic cells (that make up the body) to comunicate with the germ cells (used in 
reproduction). This is now known as the Wiesmann Barrier.  Much later in 1953 
James Watson and Francis Crick published the paper introducing the double-helix 
structure of DNA and its ATGC alphabet. The synthesis of these four ideas taken as 
a philosophy is called "Neo-Darwinism" and it is the philosophy behind genetic 
algorithms. (M Negnevetsky, 2002).

Biology
In biology there are three types of chromosome-structure for a cell: Haploid, Diploid 
and Multiploid. These are cells with one, two or multiple sets of chromosomes 
respectively. Humans, for example, are diploid with 23 pairs of chromosomes. 
Chromosomes consist of genes which hold the attributes of the phenotype, the 
possible states of the genes are called the alleles, the position of the gene in the 
cromosome is called the locus and the comeplete set of chromosomes is called a 
genotype. The most often used model for genetic algorithms is a haploid model with 
one chromosome per genotype (R Kumar 2010) (Y Wang 2010).
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1.2 Comparison and Criticisms
Although GAs have seen great success in the area of function optimisation, De Jong 
warned against viewing GAs as optimisation tools stating they are "[highly idealised] 
simulations of a natural process and as such they embody the goals and purposes 
[if any] of that natural process" and thus it would be presumptuous to take them as 
function optimisation techniques (Michalewicz, 1996). 

The reason GAs work so well in function optimisation and other areas is due to its 
diversity. Both direct and stochastic methods are used making them much more 
robust than existing direct search methods. The use of a population is another key 
attribute of GAs that give it an edge over certain other methods. Here we will take a 
look at other closely related search/optimisation methods and compare them to 
genetic algorithms.

Hill Climbing – is a similar method that uses a population of two (parent and child). 
There is no crossover, just a local search made by checking if the mutated child is 
more or less optimal than the parent. This means hill climbing can easily get stuck in 
local optimum. The local optima also related to the starting point of the initial parent. 
Because of this sometimes a multidude of hill climbs are initiated from different 
points in the search space.

Simulated Annealing (SA) – eliminates most the negative characteristics of hill 
climbing methods as the solution no longer depends on the starting point. It does 
this by adding a probabilistic element to govern whether or not a solution is 
accepted as 'best'. This means that worse solution have a change to be chosen, 
letting the function escape local optima. The probability lowers as the program 
continues, it is analogous to the thermodynamic property of metal annealling.

Tabu Search (TS) – Is another local search method, that logs pre-searched 
solutions in a tabu list and does not visit them whilst searching for the next optimal 
solution. There is also a candidite list which is the set of possible next moves, both 
lists have a limit which creates a trade off between quality and performance (H 
Youssef et al, 2001). The tabu list is supposed to force the search algorithm out of 
local optima, it could be imagined as the tail on an old mobile phone game of Snake.

Particle Swarm Optimisation (PSO) – This last one uses the many starting points 
advantage that GAs are given by their population size. It is part of what is called 
Swarm Intellignece and each possible solution (particle) can be seen as a bird in a 
flock or a fish in a shole, the next movement is influenced by the (average) best 
movement experienced by the entire swarm of particles. The idea is that eventually 
all particles converge on the global optimum. 

In a comparitive study of iterative methods (GAs, SA and TS) by [H Youssef et al, 
2001] TS came out on top at evolving a floorplan for circuitry, followed by GAs. 
Again in [Bajeh & Abolarinwa, 2011] a comparison of GAs and TS on a scheduling 
problem showed TS come out on top. In a comparison of GAs and PSOs by [KO 
Jones, 2005] it showed GAs as faster to converge and more computationally 
efficient. [Michalewicz, 1996] discusses the versitility of GAs over SA and hill 
climbing in applications to such problems as Travelling Salesmen, Prisoner's Dilema 
and function optimisation. Because of GAs population and chromosome set-up it is 
often favoured in indirect problem spaces (Michalewicz, 1996) but hybrids can be 
found such as using Tabu lists for GA populations (Z Drevner, 2009).
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The problem with looking for a 'best method' has to do with something called the 'No 
Free Lunch Principle' discussed later, a summary of which would be that: No one 
thing is best at everything.

1.3 The Mechanisms of Genetic Algorithms:
It is best that we have a deeper look at the mechanics of genetic algorithms to fully 
understand what we will be effecting. Here we will look at crossover, mutation and 
selection. Crossover and mutation are governed by rates, so the genetic algorithm 
will probabilistically perform or not perform them on individuals depending on the 
rate.

Crossover
Sometimes called recombination, this is the jump-starter in terms of early search 
positions and the dominant feature relating to schemata (the building blocks of why 
GAs work). The process involves taking two or more chromosomes and combining 
them to make two or more new chromosomes. Having a very high crossover rate 
may cause the genetic algorithm to prematurely converge by making all the 
chromosomes the same, though usually the crossover rate is higher than the 
mutation rate. Below are some types of crossover:

Single-Point A random amount of a bit string is determined then swapped:
100|11100 and 111|00001 becomes 111|11100 and 100|00001.

Multi-Point Random sections of a bitstring are selected then swapped and not 
swapped alternatively

Uniform Single bits are randomly swapped accross the bitstrings.

Arithmetic Logical operators are applied: 10011100   11100001 = 01111101.⊕

Mutation
Mutation can be seen as a conservator of deversity, although the quantity of its use 
is debated – for example [D Tate & A Smith, 1993] claim that with certain encodings 
it is better have a higher mutation rate. The usual approach is to have a low 
mutation rate because otherwise it becomes (in essence) a random search 
mechanic and will negatively effect the advantages of crossover. [Goldberg, 1986 
p14] refers to mutation as "an insurance policy" to be used "sparingly". Below are 
some often used types of mutation:

Bit Flip Inverts a random bit in a string, so 1001110|0| becomes 1001110|1|.

Inversion Inverts every bit in a string.

Selection
Of selection types, tournament can be used to control the efficiency. Here you have 
an increase in efficiency but a decrease in thoroughness. Below are some types of 
selection method:

Roulette-wheel Random individuals are chosen and their probability of being 
selected is proportional to their fitness relative to the average.

Tournament Select best individual from a subset, repeat until done.

Boltzmann The thermodynamic approach in simulated annealing is used.
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Schemata
Althought genetic algorithms have a relatively simple concept, they aren't straight 
forward to understand. [J Holland, 1970] proposed the widely accepted explination 
in what is called Schema Theorem. A schema is analogous to the concept of an 
allele in the biological description, it is a possible bitstring. With the alphabet of 
{0,1,*} where * is a 'wildcard' that can be either 1 or 0 we see that the bitstring 
[1*0100*] can be {1001000,1101000,1001001,1101001}. The theory looks at the 
probabilistic occurance and survival of wildcards through genetic operators and 
roughly states that small lengthed schemata with above-average fitness increase 
over time, meaning that the resulting chromosomes tend towards alleles with better 
fitness. The schemata form a topological landscape of fitness via thier local 
neighborhoods where {***...*} represents the entire search space. 
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2. Number Systems

Because this project requires knowledge of number systems, here we will go over 
what they consist of and what the important aspects are.

What number 'is' is not ontologically pinned down, there are many theories as to 
what number is such as platonism (Ø Linnebo 2011), nominalism (G Rodriguez-
Pereyra 2011) and fictionalism (M Balaguer 2011). Bertrand Russell states that 
when people are defining number they make the mistake of trying to define 
multiplicity (numbers) when infact "Number is what is charicteristic of numbers" 
(Bertrand Russell 1919, p9) and it is those characteristics which are the underlined 
subject of this paper. In the case of mathematics a number is an object using 
symbols, called numerals, within a system to represent a value. The value itself can't 
change, but the representational object may differ. Infact our brains have multiple 
ways of representing value (Lisa Feigenson, 2004). In the table below are examples 
of how a value can be the same but the symbols or system or both can differ. All the 
systems are or have been used legitimately, but we converted the value of 2013 into 
the different representations for this paper:

 Types of Symbols (the same system): Types of Systems (various symbols):

Western Arabic 2013 Babylonian

Eastern Arabic ٢٠١٣ Mayan

Kanji  二千十三 Roman Numerals MMXIII

Runic Egyptian Numerals

Fictional Systems: Greek (Attic) ΧΧΔΙΙΙ 

Elvish* Greek 
(Alexandrian)

͵βιγʹ 

Klingon** Hebrew numerals   ב ׳ יג

(Georges Ifrah 1994), *(J R R Tolkien 1955), **(Marc Okrand 1984)

We will only be conserning ourselves with the Western Arabic numerals which are 
used in what is called a positional numeral system. This is a system where the 
position of the symbol determines the magnitude of its value. For example the 
system we know well is Decimal or Base 10, the 'base' refers to what is called a 
radix which lies at the heart of a number. If we break down 2013 the relationship 
becomes clear:

201310=(2×103
)+(0×102

)+(1×101
)+(3×100

)

The order of magnitude relates to the radix and the numerals count how many of 
that value are used. This can be generalised to:

(an an−1 ...a2 a1 a0)b=(an×bn
)+(an−1×bn−1

)+...+(a2×b2
)+(a1×b1

)+(a0×b0
)

There are an infinite amount of positional numeral systems, infact in the table above 
there are some interesting positional systems such as the Babylonian (radix of 60), 
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Mayan (radix of 20) and Elvish (radix of 12). Although only a few systems are used 
widely today - such systems as binary, octal and hexidecimal. If we take a look at 
2013 in these systems we have 111110111012 (binary), 37358 (octal) and 7DD16 

(hexidecimal). This paper focuses on binary systems that use only the numerals 
[0,1] but that have varying values for the radix.

2.1 Gray vs Binary 
One of the original reasons for thinking alternative binary systems may be useful in 
genetic algorithms was the work already done on Gray encoding. 

Gray Code
Usually when 'Gray code' is mentioned it is reffering to reflected binary gray code, 
but there are many different types and not all are binary. Here we will mean reflected 
binary gray code.

When a binary number reaches a certain point, incrementally, it suddenly changes 
all or many of its numerals. When incrementing a 4-bit word for example 11012 + 12 = 
11102 and 10002+12=10012 but 01112+12=10002 it suddenly changes all the 1s for 0s. 
This is known as the Hamming Cliff Problem (U K Chakraborty 2003), the 'Hamming 
distance' between two bitstrings is the amount of bits that differ. This can be seen to 
cause issues in genetic algorithms because, say there are, phenotypes {6,7,8} that 
relate to binary geneotypes they will have different Hamming distances. So for 6 
(01102) to mutate into 7 (01112) it takes one mutation, but for 7 (01112) to mutate into 
8 (10002) it takes four. In Gray code you can cycle through all 2n combinations of an 
n-bit string by changing only one bit at a time, this is its defining feature (H S Warren 
Jr 2002, p235).

The first 16 binary and Gray values can be seen in the 
table to the right, they are in ascending order 0 to 15. 
Converting from binary to Gray code is quite simple 
and can be done in two instructions:

G←B⊕(B≫1)
But the conversion back to binary is a little harder and 
in general requires 2 ⌈log 2(n)⌉ instructions (H S 
Warren Jr 2002, p236).
The conversion method is below stated as code:

B = G ^ (G >> 1); 
B = B ^ (G >> 2); 
B = B ^ (G >> 4);
B = B ^ (G >> 8); 

In an exhaustative test on a markov chain to analyse 
differences between binary and Gray coding in genetic 
algorithms - [U K Chakraborty and C Z Janicow 2003] 
stated "Over all possible functions there is not much 
difference between the two representations, but fewer 
local optima do not necessarily make the task easier 
for Gray coding.". For a while now there has been 
debate in genetic algorithms as to whether Gray 
coding is usefull (D Whitley 2005) .

Binary Gray Code

0000 0000

0001 0001

0010 0011

0011 0010

0100 0110

0101 0111

0110 0101

0111 0100

1000 1100

1001 1101

1010 1111

1011 1110

1100 1010

1101 1011

1110 1001

1111 1000
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No Free Lunch Principle
One of the important things to keep in mind whilst reading this is that as stated in the 
No Free Lunch Theorem that over all possible functions – no specific optimisation 
technique is best for all. [D Whitley 1999] proves this in the case of binary vs gray 
encoding using an exhaustative test. They show that Gray code has more optima 
than binary across the set of "worst case" functions (with the maximum number of 
minima), but Gray comes out ontop for all other functions (D Whitley 1999).

2.2 Fibonacci Coding
The Fibonacci numbers make up what is called a complete sequence. Some 
sequence S is complete when any positive integer can be represented as the sum of 
a subsequence of S without repeating numbers, for example: 100 can be made from 
the fibonacci numbers 55+34+8+3. Fibonacci coding is a specific way of using this 
completeness, when encoding a number you start at F2 (the second 1) and write the 
representation out left to right ending on a 1 (like a full stop). This way means zeros 
on the far left are important. But it also means that Fibonacci Coding couldn't be 
used in GAs because a mutation or crossover may effect the trailing 1.

Zeckendorf's Theorem states that the sequence of Fibonacci numbers is complete 
even if restricted to subsequences which contain no two consecutive terms.

[ Zerkendorf, 1972] states some number n in Zeckendorf Representation takes the 
form:

n=∑
i=0

αi F i
Where α is either [1,0], iff: αiαi+1=0

It is also known that representation can be set up with related sequences such as 
the Lucus numbers (JL Brown Jr, 1969). However the Pell numbers need more than 
one occurance of each term to represent all numbers, [A.F,Horadam, 1994] shows 
that:

n=∑
i=0

αi Pi
Where α is either [2,1,0], iff: αiαi+1<4

All generalised Fibonacci sequences can still representall integers, but they are not 
complete because they need more than one of each term:

n=∑
i=0

αi G i
Where α is either [k,k-1,...,1,0], iff:

αiαi+1<k2

Example:

Value Fibonacci Coding Zeckendorf 
Representation

Possible Fib combinations

24 00100011 (3 + 21) (21+3)  1000100Z  (minimal)  (21+3)  1000100F

(21+2+1)  1000011F

 (13+8+3)  110100F

(13+8+2+1)  110011F
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(maximal)  (13+5+3+2+1)  101111F

There are other complete sequences that could be used for a number system but 
the features of Fibonacci, specifically Zeckendorf Representation, lend well to a 
comparison with another number system, phinary, discussed later. Adding 1 to the 
set of primes makes it a complete set. If we look at the number length for the same 
value in different systems (Z=Zeck, P=Primes+1) we see that prime representation 
becomes much larger than fib representation:

200 = 110010002 (128+64+8)
200 = 10100000001Z (144+55+1)
200 = 10000000000000000000000000000000000000000000001P (199+1)

2.3 Negabinary
A number system with a negative radix works exactly the same as one with a 
positve radix, except with the interesting attribute of alternating position values 
between positive and negative (D Knuth 1969, p207). This is because of the nature 
of positional systems in that every other power is even causing the negatives to 
cancel. 
For example:100-2 = -22 = -2 *-2 = 4 where as 1000-2 = -23 = -2 *-2 *-2 = 4 *-2 = -8.

Decimal Negabinary Decimal Negabinary

-5 1111 1 1

-4 1100 2 110

-3 1101 3 111

-2 10 4 100

-1 11 5 101

0 0 6 11010

Now one advantage of a negative radix is there is no need for a sign (+/-) and thus 
in computation there is no need for a sign bit, for example in IEEE floating point 
format the left most bit is reserved for indicating sign. But this slight advantage is 
somewhat countered by negabinary's complex systems of arithmetic. In it 1 + 1 = 
110 which shows that two carry bits are necessary for a complete addition. The 
other rules for addition are: 11 + 1 = 0, 1 + 1 + 1 = 111 and subtraction: 0 – 1 = 11, 
11 – 1  = 10. There are also three possible carries (1,0,11) making it more 
complicated than a two's compliment binary addition. Multiplication is 
straightforward, but division is where it really gets complex. (H S Warren Jr 2002, 
p226).

Even though there is no need for a sign bit in the negabinary number system,in the 
arithmetic the algorithm of division still needs to know if the number is negative or 
not – in this sense the algorithm is not uniform, meaning it doesn't treat all numbers 
the same. Interestingly negabinary has three uniform operations (addition, 
subtraction & multiplication) where as other commonly used binary representations 
only have two uniform algorithms each: Signed Magnitude (multiplication & division), 
One's and Two's Compliment (addition & subtraction).  (H S Warren Jr 2002, p228). 
There is a complex-number multiplier that takes advantage of the three uniform 
operations in negabinary to make efficient circuits (D P Agrawal, 1974). Normally an 
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algorithm could look to the sign bit to see if the number is negative, but that's not 
possible here. One way of knowing if a negabinary number is less than 0 is to check 
the length of the bitstring. If it is even then the most significant digit is a negative 
value and thus that number is negative. The bitstring length is as in any positional 
number system an indicator of representable numbers. The range given by some 
word of length n+1 the range is -(2n+1 -2)/3 to (2n+2 -1)/3 and represents those 
numbers once and only once (H S Warren Jr 2002, p225). This representation range 
gives an  interesting distribution, for example when ordered like the first 16 binary 
digits would be  the values are: 

0, 1, -2, -1, 4, 5, 2, 3, -8, -7, -10, -9, -4, -3, -6, -5, ...

The negabinary system has already had some use in computation dating quite far 
back, between 1957-1959 Polish mathematician Zdzislaw Pawlak developed BINEG 
which was an early computer that used negabinary instead of binary (A. 
Łazarkiewicz and W. Balasiński, 1961). It exsisted at the Warsaw University and 
was used for teaching, but later Warsaw Technical University developed an 
industrial versions of BINEG called UMC-1 and UMC-10. There is also BINUS and 
EMMA which were developed at Warsaw Military Technical Academy and were two's 
compliment versions of BINEG (R W Marczynski, 1980). More recently there has 
been gaining interest for negabinary in the field of electronics (H A Kamal 2004, p2) 
and the system has been explored in a numer of different of different ways (G. 
Jaberipur and B. Parhami 2012).

A side note: the numbers that are represented the same in both binary and 
negabinary are the Moser-de Bruijn Sequence, these are numbers which are sums 
of distinct powers of 4 (JP Allouche and J Shallit, 1992).

2.4 Complex Radix Systems:
Another non-standard way of representing numbers is with a complex number for 
the radix, a complex number comes in the form a + bi where i is an imaginary 
number (ni = √-n). A Gaussian integer is a complex number in the form z = x + yi 
where x and y are real integers, there are systems that can represent all Gaussian 
integers, the most famous is Donald Knuth's Quater-Imaginary (QI) system which 
has an imaginary radix of 2i. QI uses the numerals [0,1,2,3] and was Knuth's 1955 
entry in a high-school talent competition (D Knuth 1960).

Dragonbinary:
The simplest set of complex radii able to represent all Gaussian integers is a radix of 
-n± i, the symbols used for these systems are [0 to n2] meaning to achieve a binary 
system n=1 (W J Gilbert 1982). The binary version (-1±i) 
was first proposed in 1965 (W F Penny, 1965) in it there 
is an interesting relationship between the the complex 
plane and length of the represented number, if for each 
number length you colour in all representable values 
(changing colour every number length) then the fractal 
Twindragon will appear (W J Gilbert, 1982). Because of 
this we will refer to the system as dragonbinary (-1+i). It 
is an attribute that on first glance could relate to search 
space probability.

Fig 1. Area coloured relative to the position of 
the most significant bit. Source (W J Gilbert 1982) 
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It is should be pointed out that although QI has a much shorter bitstring per value – 
it also needs to use a radix point to be able to represent all Gaussian integers, 
dragonbinary on the other hand doesn't. Below is a table comparing representations 
in decimal (D), QI, Dragonbinary (DB):

D 1 2 -1 -2 i 2i -i -2i 1+i -1+i 1-i -1-i

QI 1 2 103 102 10.2 10 0.2 1030 11.2 113.2 1.2 103.2

DB 1 1100 11101 11100 11 1110100 111 100 1110 10 111010 110

In the below image we used the Bit Strainer to create 'bit-shapes' using a bitstring 
starting at all 0s and iterating through with binary arithmetic (000, 001, 010, 
011,100,101,111, etc) and then treating it like a number with radix (-1+i) we coloured 
each pixel at [x:real, y:imag]. The three seperate shapes are 32bit,16bit and 8bit 
respectively. They are scaled to the same size to show the self-similarity of the 
fractal. The colours indicate the position of the most significant bit, here we can see 
alleles in the form {1**...*} coloured relative to the order of 1:

(Fig 2)

Complex Numbers and Genetic Algorithms:
There has already been attempts to optimise genetic algorithms using complex 
numbers (Y Fan et al 2004) (Y Wang et al 2010) (Y Wang et al 2011). All three 
approaches treat the real and complex aspects of the number seperately running 
seperate encoding/decoding algorithms between geneotype and phenotype. There 
are two approaches, one focuses on the reproduction stages specifically a linear 
crossover method in complex space (Y Fan et al 2004), the other approach revolves 
around the biological structure of genes being either diploid or haploid. Usually the 
simplified version of genetic algorithms are more like haploids with just one 
chromosome per individual, but in the paper by [Y Wang et al 2010] the diploid 
method is used with two chromosomes per individual – a real and imaginary one. 
The genes are also in the form of vectors and the results show that it increased 
search efficiency and maintained population diversity. It was tested on the Ackley 
function (Y Wang et al 2010). The 2011 paper works on the same (Y Wang et al 
2011).
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3. Non-Integer Radix Systems

3.1 Beta-expansions   (also called q-expansion)  
In the decimal system the real numbers often need to be defined using decimal 
expansion after a decimal point. This can be generalised and it is called β-expansion 
and instead of a decimal point it uses a radix point. For any value represented using 
integer β-expansion the numerals of radix system β are [0, 1, ..., β-1]. In the case of 
a non-integer β the numerals used are [0,1, ...,  β ]  where  x  is the floor function ⌊ ⌋ ⌊ ⌋
(Glendinning and Sidorov 2001). The strucure of some number x in radix system β is 
below:

x=αn ...α1α0 .α−1α−2 ...α−m

=(β
n
αn)+...+(β

1
α1)+(β

0
α0)+(β

−1
α−1)+(β

−2
α−2)+ ...+(β

−m
α−m)

Example 2.5 = 10.12 = (1* 21) + (0*20) + (1*2-1)

Fields and Rings
Number systems have a relationship to certain rings (fields closed under at least 
addition), the relation is to do with representability of those fields. Some notable 
rings of the field Q[D] occour if we define the ring ℤ[ω]={a+bω :a ,b∈ℤ} where 
for example if ω=√−1  we have a special case - the Gaussian integers. 

The ring of integers may be defined O
ℚ[√ D]

=ℤ[ω] where

ω={√
D for D=2∨D=3(mod 4)
1
2
(−1+√D) for D=1(mod 4)

In the case ω=
1+√−3

2
we have the Eisenstein integers and where ω=

1+√5
2

we 

have the Dirichlet integers. Both of these will be mentioned later.

We will define two sets: Per(β) as the periodic expansions of radix β, and Fin(β) as 
the finite expansions of β. These shall be refered to during the project. It should be 
noted that integer radix systems have the property of Per (β)=ℚ[β]∩ℝ+ and
Fin(β)=ℤ+[β

−1
]∩ℝ+

Greedy Algorithm
Representation of an integer x can be found using a greedy algorithm. This is done 
by starting with the largest integer n where βn < x then adding one to the nth column, 
then continuing moving right as n decreases. The number will more than likely need 
to pass the radix point so n will become negative.

The BitStrainer
For initial testing of radix possibilities we wrote a program we've called a 
'BitStrainer'. It's job is twofold: 1) to squeeze decimal values into β-numeration and 
2) to convert binary numbers to decimal values using a β-radix. It can iterate through 
binary numbers using normal radix-2 arithmetic which shows interesting ordering 
techniques of alternate systems (see Apendix C). 

The BitStrainer was writen in C++ and uses the greedy algorithm, it attempts to 
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measure within 6 radix places and we checked possible successes against the 
computational knowledge engine of WolframAlpha.com (using, if we could, the exact 
form). 

3.2 Pisot numbers
Whilst researching non-integer radix possibilities it became quickly obvious that a 
certain class of numbers was important, these numbers are called Pisot-
Vijayaraghavan Numbers. They are defind as real algebraic integers grater than 1 
where the absolute value of each of its Galios conjugates is less than 1. A similar 
and related type of number called a Salem number is an algebraic number grater 
than 1 that all its conjegates lie within the unit circle with at least one lying on the 
unit circle. It is known that if β is a Pisot number then Per (β)=ℚ[β]∩ℝ+ but 
conversly and more interesting (especially in the case of numeration) is that if
ℤ+⊂Fin(β) then  β is a Pisot or Salem number and if ℤ[β

−1
]∩ℝ+⊂Fin(β) then β 

is a Pisot number (C Frougny, 1992). The set of Pisot numbers is closed and we 
shall start by looking at the smallest Pisot number.

3.2.1 Plastic constant 
The plastic constant (ρ = 1.1324717...) is quite a small value compared to the 
previous ones and the effects of this can be shown in the large length of its β-
expansions (see apendix A), although it must be noted that it is not always the case.

It is the solution to  x3 - x - 1 = 0 and has the recurrance relationship 

ρ=
3√1+

3√1+
3
√1+... . It has been mapped to what is called a central tile with the 

same [Arnoux & Ito, 2001] method as the later discussed Tribonacci constant, its 
substitutions are s(1) = 12, s(2) = 3, s(3) = 4, s(4) = 5, and s(5) = 1 and can be 
mapped by the function π :ℝ5→P onto a plane, its substitution matrix (of which the 
largest real eigenvalue is the plastic constant) and the generated fractal (central tile) 
are below:

(Fig 3)

(
1 0 0 0 1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

)
The plastic constant and the later discussed Golden Ratio belong to a group of 
numbers called 'Morphic Numbers', of which they are the only two (J Aarts et al, 
2001). A morphic number M is in the form xn – x – 1 = 0 and has the property that M 
+ 1 = Mk and M – 1 = Ml. The two cases for each are:

ρ + 1 = ρ3, ρ – 1 = ρ-4

φ + 1 = φ2, φ – 1 = φ-1

The value ρ is found in the calculations used for the circumradius of the polyhedron 

U46 (snub icosidodecadodecahedron) where if the area is 1 then R=
1
2 √ 2ρ−1

ρ−1
. 

(Weisstein, Eric W.,). Interestingly enough - when finding the cartesian coordinates 
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of U46 it involves both the morphic numbers ρ & φ.  

3.2.2 Super Golden Ratio
If we take the Fibonacci formula and move the second term Fn-2 back we get Sn = Sn-

1 + Sn-3 , here the ratio is 1.4655... which is the solution to x3 - x2 - 1 = 0. Again when 
used as a radix this number can finitely represent the integers (see appendix A).

3.2.3 The Golden Rato and Metallic Family
The Golden Ratio is actually the first in an infinite sequence of ratios (Janusz 
Kapusta, 2004) known as the Silver or Metallic Means, the second in the series is 
the Silver Ratio and the third is sometimes referred to as the Bronze Ratio (Saarik 
Kalia, 2011). The ratios each have a related sequence of numbers, the first being 
the Fibonacci sequence (relating to the golden ratio) then the Pell sequence 
(relating to the silver ratio) and so on. The generalised formula for the kth Metallic 
mean (δk) and the nth number in the kth sequence is:

Metallic Means: Metallic Sequences:

k+√k 2+4
2

=δk

M 0=0, M 1=1

M n=M n−2+k M n−1

The relationship between the two is shown bellow where the limit of the sequence is 
the ratio:

lim
n→∞

M n

M n−1

=δk

The Metallic means can be used as the radix for number systems. These systems 
can finitely represent all positive integers plus other irrational numbers relating to the 
radix. For example the first mean (the golden ratio or φ) creates the number system 
Phinary which can finitely represent what are called the Dirichlet integers, these are 
any real number in the form a+bφ where a and b are integers. They belong to the 
ring Z[φ]. All Metallic Systems can finitely represent numbers in the form a+bδk and 
a set of generalised rules for addition and subtraction can be found in the appendix 
B. The structure of a Metallic system representing a number is shown below:

an an−1 ... a2 a1 a0=(an×δk
n
)+(an−1×δk

n−1
)+...+(a2×δk

2
)+(a1×δk

1
)+(a0×δk

0
)   

  
  example (k = 1): 101.01ϕ=(1×ϕ

2
)+(0×ϕ

1
)+(1×ϕ

0
)+(0×ϕ

−1
)+(1×ϕ

−2
)

Phinary
One important thing that the Metallic systems have is a duality of form, they can be 
standard (minimal) or non-standard (maximal). In standard Phinary no two 1s can be 
next to each other, so 011φ  becomes 100φ (the standardisation rule), this equality 
can be shown via the definition of the Fibonacci sequence where a larger number is 
the sum of the previous two numbers. Non-standard Phinary is the opposite and no 
two 0s can be together. During ths paper, when referring to Phinary without stating 
otherwise – standard form is implied.
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Decimal Phinary Decimal Phinary

0 0 φ 10

1 1 √ 5 10.1

2 10.01 3+√ 5 100.01
+

10.1
=

110.11
=

1001

3 100.01

4 101.01

5 1000.1001

6 1010.0001

3.2.4 Tribonacci Constant
Fibonacci words are strings made up of an alphabet [0,1] starting with 0 then 01 the 
next string will be the previous two, 010, then in the same fasion as the fibonacci 
digits the word recursively concentrates the strings: 01001, 01001010, 
0100101001001, ... Alternatively the fibonacci word can be aquired by means of 
substitution, if we set some rules known as a map: s(0) = 01 and s(1) = 0 then every 
time we read a '0' we replace it with '01' and a '1' we replace with a '0'. The 
applications of these words is found in physics where it can be used to model 
natural systems with aperiodic order such as quasicrystals (A Siegel & JM 
Thuswalder, 2008, p7).

As there are variations and generalisations of the fibonacci sequence – there are 
other words. We find a well studied  word if we extend the Fibonacci Sequence Fn = 
Fn-1 + Fn-2 to an extra term Tn = Tn-1 + Tn-2 + Tn-3 this is something known as the 
Tribonacci sequence (tri = three terms). The ratio related to the sequence is the 
extended golden ratio of 1.8392... refered to as the Tribonacci Constant which is the 
solution to the polynomial x3 - x2 - x - 1 = 0. (Fig 4)

The mapping for this sequence is s(1) = 12, s(2) = 13 and 
s(3) = 1. With  the map function π :ℝ3

→P a projection onto 
a plane can be constructed (Arnoux & Ito, 2001), or 
alternatively taking an instance of '1' to be +1 in the x-axis, 
'2' to be +1 in the y-axis and '3' to be +1 in the z-axis; then 
projecting the points onto the contracting plane we will also 
end up with the fractal on the right, a central tile called the 
Rauzy Fractal. Colouring the points relative to the letter 
(1,2 or 3) helps show the self-similarity of the fractal. The Hausdorff  dimension of 
the Rauzy fractal is approxamitely 1.0933.

The substitutions can be modeled with deterministic finite automaton (DFA) and it is 
a good way to show the proccess. If we fill in a state table using the DFA then take 
any states as 1 and blanks as 0 we get the below substitution matrix which has the 
characteristic polynomial of x3 – x2 – x – 1 = 0 and an eigenvalue of 1.8392... the 
Tribonacci constant:
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. S 1 S 2 S 3

1 s1 s1 s1

2 s2 . .
3 . s3 .

  -> (
1 1 1
1 0 0
0 1 0)

Infinite Word: 1213121121312...
Path: (1,0,0), (1,1,0), (2,1,0), (2,1,1), (3,1,1), (3,2,1), ...

The fractal is inteteresting to us because topologically it is connected and 0 lies 
within its boundry, also the related eigenvalue (Tribonacci constant) can represent 
the integers when used as a radix (see apendix A). These properties have some 
connection (S Akiyama et al, 2008) (A Siegel & JM Thuswalder, 2008) and so the 
application of studying these fractals is found in the study of β-numeration. [WP 
Thurston, 1989] shows that there is a relationship between fractal tiling where the 
substitution matrix has an eigenvalue of β and the carry sequence in a radix β 
number system.

The Tribonacci constant is closely related to the metric properties of some 
polyhedron, below is the definition for the circumradius (R) of three polyhedra where 
β is the Tribonacci Constant:

 R=√ 3−β

4 (2−β)
(Snub Cube)

R=
1
2 √ β+2

3β−5
(Pentagonal Icositetrahedron)

R=
1
2 √β−3

β−2
(Snub Cube-Pentagonal Icositetrahedron Compound)

3.3.1 Viswanath's constant (e
γ f )

A probabilistic version of the Fibonacci formula can be made as such: Fn = ±Fn-1 ±  
Fn-2 where the probablity is 1/2 for each sign being either + or –. The growth rate of 
this sequence almost always tends towards the Viswanath constant of 
1.1319882487943…

The term 'almost always' is a probabilistic term meaning something with a probability 
of 1, something that is bound to happen, given enough time. The Viswanath 
constant itself isn't absolutely defined but it can be approximated by generating a 
random Fibonacci sequence (these are different each time) and finding the limit of
[n ]√∣F n∣ where n=0→∞ .

The constant's logarithmic value (γf ) lies somehwere between [0.1239755980, 
0.1239755995] which makes Viswanath's constant eγf . Viswanath used multiple 
different mathematical techniques involving the theory of random matrix products, 
Stern-Brocot division of the real line, a fractal measure, a computer calculation, and 
a rounding error analysis to validate the computer calculation. (D Viswanath, 1999).
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Unfortunately during our computer calculations it seems eγf  as a radix can't 
represent the integers (when constructed using a greedy algorithm within six places 
of accuracy).

3.3.2 Conway's constant
Stepping away from the Fibonacci generalisations for a second we consider 
Conway's constant (λ  = 1.30357726...) which is the growth rate of a sequence 
called the Look and Say sequence. In this sequence you start with a number then 
say the amount of each digit followed by what that digit is (for digits next to each 
other in the number) to create the next number. If we write the process in the form 
"cardinal nominal" it will make more sense:

Look and 
Say

"one 1" "two 1s" "one 2 one 1" "one 1 one 2 two 
1s"

Sequence 1 11 21 1211

1,11,21,1211,111221,312211,13112221, 1113213211, 31131211131221, ...

The constant itself is the solution to a 71st order polynomial and when computed the 
BitStrainer's Greedy algorithm could not construct the integers using it as the radix.
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3.3.3 Base 2  1/12    (1.05946...  )  
This number is used in the 12-Tone Equal Temperament (12-TET) tuning of musical 
instruments. There are other tunings such as 19-TET, 24-TET and 31-TET but this 
one is the most widely used in classical music. It splits an octave into 12 parts that sit 
equidistant along a logorithmic scale, these 12 points are the Chromatic Scale of 
notes. As we can see from the table on the right the values for the notes are exactly as 
if they were in a positional number system and could maybe be concieved of as being 
represented by a bitstring.

Chromatic scale from C to B: 

The problem is music is more complicated 
that just 12 notes, the octave relates to the 
pitch but that itself isn't universal. In standard 
concert pitch the note A in the 4th octave is set 
to 440Hz, making middle-C 261.63Hz, this is 
referred to as A440 pitch standard. But, for 
example, in 'Philosophical Pitch' middle-C is 
set to 256Hz which make all the octaves of C 
remain a whole number in Hz all the way 
down to 1Hz in both binary and decimal 
counting systems. 

Octaves of C (1 to 5):

Note 
value

12-TET 
value

Exact 
value

C 1.000000 20/12=1

C♯/D  ♭ 1.059463 21 /12
=

[12 ]√2

D 1.122462 22/12
=

[6]√2

D♯/E  ♭ 1.189207 23 /12
=

[4]√2

E 1.259921 24/12
=

[3]√2

F 1.334840 25 /12
=

[12 ]√32

F♯/G  ♭ 1.414214 26 /12
=√2

G 1.498307 27/12
=

[12 ]√128

G♯/A  ♭ 1.587401 28 /12
=

[3 ]√4

A 1.681793 29 /12
=

[4]√8

A♯/B  ♭ 1.781797 210 /12
=

[6 ]√32

B 1.887749 211 /12
=

[12]√2048

C 2.000000 212 /12=2

Scientific Pitch Notation is a subscript used to denote the octave of a note, so the 
above octaves of C in Scientific Pitch Notation is {C1, C2, C3, C4, C5}. It will be 
apparant that C1 is quite far away from the bars, that is because of the sign on the left 
called a treble clef which puts C4 in line with the ball at the end of its tail (one 
wholestep below the last visible line). Other clefs are used such as bass and alto 
which all place C4 somewhere different, piano pieces are often played with a treble 
above a bass where the hands often play both at the same time. Below is a sample of 
Rachmaninoff's 3rd:

There is obviously a massive degree of complexity involved in codifying a piece 
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such as the one above. Things like tails, stops, pacing, accidentals, etc have not yet 
been mentioned but would need to be looked at – then outside of the sheet music 
there is the instrument to think about. The audio programming language Csound uses 
two files when constructing audio – An orchestra file  describes the instruments and 
the score file describes notes and related matters. 

3.3.4 Rootbinary
An interesting but not well documented system is a radix of √2, which this paper will 
refer to as rootbinary, which has some Euclidean features in that a leftshift of a bit 
shows diagonal relationship to a square, for example if you imagine a square with 
side length 1√2 it has a diagonal of length 10√2 and a square with side length 10√2  has 
a diagonal of length 100√2 and so on. Also there is a relationship to what is called the 
Silver Ratio (√2+1) = 2.1412... in the rootbinary system this is simply 11√2 which is 
obviously 10√2 + 1√2. A very useful attribute of rootbinary is that it can represent all the 
positive integers, infact conversion from binary to rootbinary is as simple as placing 
a zero between each number:

1012=10001√2 = (1×22)+(1×20)=(1×√2
4
)+(1×√2

0
)=5

Transcendental systems and Radix Economy
Using the same rules as before any transcendental number can be used as the 
radix of a system, the most obvious one to try is π which has a similar attribute as 
√2 except it pertains to diameter and circumference. So a circle with diameter 1π  has 
a circumference of 10π and a circle of diameter 10π has a circumference of 100π and 
so on. The problem with a transcendental radix is that it cannot represent any 
integer value in a finite way. If it could there would essentially be a formulaic 
approach to defining the radix and thus it would not be transcendental. This makes 
the system far less useful than rootbinary.

Another notable transcendental system uses e, Euler's number, as the radix. This is 
the radix used in natural logarithms and thus loge(x) = ln(x). It has been proved that 
over an average e is the most 'economic' radix to use for a number system (H S 
Warren Jr , p233). Ecconomic in the sense of cost vs representablity in a 
computational system, infact 2 isn't even the first most economic integer radix, 3 is. 
Ternary (radix of 3) has not been notably used in many computers other than Setun, 
the Russian computer build in 1958, it used what is called 'balanced ternary' which 
instead of using numerals [0,1,2] used [1,0,1] where 1 = -1 (B Hayes 2001) (B J 
Shelburne 2009).

The economy of a radix might be an interesting factor in relation to gene encoding in 
genetic algorithms, the equation is defined below:

Econ(b , N )=b ⌊logb(N )+1⌋

r e 3 2 10

Average econ of 1 to 100 11.33524 11.52 11.6 19.2

Probably one of the most overwhelming systems is the Ternary Tau system which 
has a radix of τ = (3 + √5)/2 and uses numerals [1,0,1] meaning this system can 
represent all positive and negitive integers aswell as powers of  τ. Also the radix τ 
has a value of 2.61803... which sits closer to e than 2 or 3, meaning τ has a lower 
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economic value (A Stakhov 2002). Unfortunately this interesting system is a ternary 
system and we will only be dealing with binary systems.

3.3.5 A Complex Irrational Radix   
The final interesting system we came across has the radix of approximately ±0.5 + 
1.322875...i which is (±1+7i)/2. The number structure is an example of a possible 
definition for a ring of integers O

ℚ[√ D]
=ℤ[ω] . We will take a moment to assess 

some more numbers in the form (±1+ni)/2.

In a similar manner to the dragon binary (±1+i) we constructed bitshapes where we 
iterate a bitstring using standard binary arithmetic then for each increment we colour 
the pixel as x:real, y:imaginary. All the bellow shapes are construct for 512*512 
iterations (19bits), the blue axis go from -250 to 250 along real and complex:

(1+sqrt(-3))/2 (1+sqrt(-4))/2 (1+sqrt(-5))/2 (1+sqrt(-6))/2

(1+sqrt(-7))/2 (1+sqrt(-8))/2 (1+sqrt(-9))/2 (1+sqrt(-10))/2

(Figures 6 to 13)

The first of these images, (-1+3i)/2 is the field extension that makes the Eisenstein 
Integers mentioned earlier, the Eisenstein integers can be found at the intersection 
of a triangular lattice overlayed on a complex plane (like the Gaussian integers and 
a square lattice), although the image is quite small, the bitshape generated from 
19bits is a hexigon fitting the triangular lattice of which the corner points are the 
group of units for Eisenstein Integers.

Although n=6 seems like another possible choice, n=7 gives us the largest 
representability in terms of modular distance vs bitstring length. This means that 
there is a more 'ordered' progression of numbers in the system.
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3.4 Conclusions from Review

The table below is the notably useful positional radix systems, two were ommitted 
(Viswanath's and Conway's constants) because no system, to date, is constructed 
with either of them and they are not compatible with finite beta-expansion.

Radix Range Integer expansion Attributes

2  ℝ+ Not needed. This will be the control.

-2  ℝ± Not needed. Non-linear value progression

-1+i  ℂ± Not needed. Non-linear value/length progression

1.8392...  ℝ+ Yes, finite. Standardised

1.61803...  ℝ+ Yes, finite. Standardised

1.4655...  ℝ+ Yes, finite. Standardised

1.4142...  ℝ+ Not needed.

1.13247...  ℝ+ Yes, finite. Standardised

1.05946...  ℝ+ Yes, unknown.

(±1+7i)/2  ℂ± Not needed. Non-linear value/length progression

Phinary has a use in converting analog signals to a digital representation as shown in 
the β-Encoder using φ as the β value known as the Golden Ratio Encoder (R Ward 
2008) (I Daubechies 2010), but as for integer solutions to problems in genetic 
algorithms the necessity of a radix point causes issues. It does have properties 
relating to the harmonics of geometric and tonal proportions (J Kapusta 2004) and 
shares this with Fibonacci systems.

With Zenkendorf's Representation and Phinary, the research leans towards a more 
qualitive than quantative attribute and in Music Theory there is neiche uses of the 
golden ratio and Fibonacci numbers (Mongoven & Knott 2010) (C Mongoven 2010) 
which can be seen when overlaying Fibonacci numbers over "the Wytho Array" 
(Mongoven & Knott 2010). Experimental music seems to have a specific use for 
genetic algorithms and is denoted by the term "Evolutionary Music", which there are 
many papers documenting methods and techniques (Horner & Goldberg 1991) (B 
Manaris et al 2007) (D Matic 2010) (Garland-Jones & Copley 2003) (D D Zad et al 
2007) (A Calvo 2011).

During the research stage, whilst looking into the music theory behind the use of 
radix  21/12 we found a great complexity. The idea of evolutionary art seems more 
plausible in terms of compatability with computation, refining it more so to a search 
function for an image means testing will be straight forward so the idea of looking 
for a Fibonacci integer solution in Fibonacci space will be used to test binary and 
Fibonacci encoding.
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3.5 Test Problems
Of the alternative systems discussed above, there is enough interesting criteria to test 
most of them, although there aren't that many that differ in charicteristics. There are 
no similar attributes of all that stick out so a good approach will be to use what are 
called benchmark tests. Because of this we will mainly focus on one of the beta-
encodings (phinary) and the one mixed radix system (Fibonacci encoding) as they 
differ in construction and representability at the same time as sharing properites. 

Originally, at the start of this literiture review, we were going to use the Travelling 
Sales Problem but after reseaching it - it became apparant that TSP is a schedueling 
issue and the GA encoding type most often used with it is permutation not binary. It 
seems more appropriate to stress test each of the alternative systems under the same 
benchmark functions.

Benchmarking is a good way to judge charicteristics of a system (U A Khan et al 
2009) and in comparing binary and Gray code proved to show attributes using the 
Ackley Function (Y Wang 2010). This function will be what we use to compare all 
the systems, it has many local minima and one global on a 3D plane. It also exists 
within a small backet of-5 to 5 in both x and y axis. Another function we've chosen is 
Rosenbrock's function which has a very simple equation and so we will be able to 
manipulate it to accomidate the number systems. The Rosenbrock function has a 
range between -infinity and infinity but bellow we see the range -5 < x,y < 5 for both 
functions. It was drawn with the BitStrainer code, colouring the pixels relative to 
their fitness f(x,y). **Topologically red is high, green is mid and blue is low**

Fig 14: Ackley function Fig 15: Rosenbrock's function

The Rosenbrock funcion has this deep valley which is easy to find but only one 
global minimum to find (see Appendix A for solutions falling into local minima).
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Name Function Global optima

Ackley
f (x , y )=

−20exp (−0.2√o.5(x2
+ y2

))
−exp(0.5(cos(2 pi x)+cos(2 pi y)))

+20+e

f (0,0)=0

Rosenbrock (R1) f (x , y )=(1−x)2
+100( y−x2

)
2 f (1,1)=0

Rosenbrock (R5) f (x , y )=(√5−x)
2
+100( y−x2)2 f (√5 ,5)=0

Rosenbrock (Rp) f (x , y )=(ϕ−x )2
+100( y−x2

)
2 f (ϕ ,ϕ+1)=0

The two functions here were taken from a paper by [Mulga & Smutnicki, 2005] on 
"Test Functions for Optimization Needs" then we have edited the Rosenbrock 
function to manipulate the global optima. There were a lot of possible choices of 
which one from a different paper called Himmelblau's function which had multiple 
global optima and a local optimum at the same time as being simple inconstruction:

f(x,y) = (x2 + y – 11)2 + (x + y2 – 7)2 

but we decided against this as we wanted the testing to 
be as simple and restricted as possible, otherwise 
results may get mistaken with the characteristics of the 
function. The fitness landscape we generated shows 
the multiple globals (see right).
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4. Development

4.1 Number Systems
The first idea I had was to model a general version of the IEEE-754 standard for 
32bit binary encoding, in such a model we have:

± e x p o n e n t m a n t i s s a

In this the value is calculated by (−1)sign
(1+∑i=1

23
b23−i 2

−i
)∗2e−127 where e is the 

binary interpritation of the exponent and the sign is the 31st bit in the string (far left). 
Here we have an example of the number 0.15625 in IEEE 32bit binary:

0 0 1 1 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 124 0.25

Which if we break down becomes 
(−1)0

(1+2−2
∗2124−127

) which is 
equal to the original value 
1∗1.25∗0.125=1.5625 , the 127 
is called the bias and means that 
both very small and very lare 
numbers can be stored. The bias 
is equal to the second largest 
power of the exponent minus 
one, in this case 27-1 = 127.
The generalised form is taken 
from the code to the right, p_E 
and p_M are the lengths of the 
exponent and mantissa. The 
great advantage of this method is 
the large range it can represent.
Changing the 2 to whatever radix 
will work as a generalisation. This 
method has been explored before 
(L Budin, 1996) but not in such a 
general form.

//Sign:
sign = pow((-1.0), p_BitString[31]);

//Mantissa:
double sum = 0;
for(int i = 1; i < p_M; ++i)

sum += p_BitString[p_M-i] * 
pow(p_Base.real(), -i);

double mantissa = 1+sum;

//Exponent:
double exp = 0;
for(int i = 0; i < p_E; ++i)

exp += p_BitString[p_M+i] * 
pow(p_Base.real(), i);

bias = pow( p_Base.real(), (p_E-1) ) - 1;

double exponent = pow(p_Base.real(), 
(double)(exp-bias) );

double out = sign * mantissa * exponent;
return out;

LogMax-style
This was an idea I got from the greedy algorithm, if we need to represent an area of 
say -5 to 5 (we do) then we can do log(5)/log(b) to get the largest power necessary 
to represent 5 and use the rest for radix expansion:

± Integer part Radix expansion

So for example log(5)/log(2) = 2.3219 and because it has a fractional part we use the 
ceiling function, thus the integer part needs to be 3 bits long (5=1012), now the same 
sequence that made 0.15625 in IEEE-style makes 3.8828125 in LogMax(5) style:
0 0 1 1 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Both styles can become 64bit by increasing the two main sections or a 64bit string 
can hold two 32bit styles. For this reason the GA will have 64bit chromosomes.

23



4.2 Encoding into Genetic Algorithms
Genetic algorithms have quite a simple structure to them, i used a tier system for my 
architecture: a GA class containing a Population class containing a vector of 
instances of a Genotype class which finally contained a AltBin class.

GeneticAlgo: The class used for public access, initialise, set parameters and Run.
Population: The class used to evaluate and perform operations on the genotypes.
Genotype: Originally contained the AltBin class but later I merged the classes.
AltBin: An accessor class for manipulating bitstrings in the two methods. 

I used C++ for the original GA used on function optimisation, but moved to C# for 
the Square searcher, this was just out of ease of use. The XNA framework makes it 
very easy to draw and update graphics in 2D space.

Because the two most expensive operations in a GA are the fitness function and the 
selection function we will use the most simple methods. Crossover is one-point and 
mutation is flip-bit. The fitness will just be the function as the global fitness minima is 
0 then the closest absolute value is the fitness (the smaller the better). Selection will 
use tournament and for a quarter of the population it will take two individuals and 
copy the best over the worst. This is like a form of tournament elitism, the entire 
population stays the same size but after the selection function 10% of them are 
cloned and 10% are killed. Because we can scale the tournament size it means we 
can keep control of the efficiency of the selection function.

Arithmutation
The numbers discussed earlier, specifically the golden ratio (phi), relats to a ring of 
integers. As a quick reminder a ring is a set closed under arithmetic. One way I 
thought of involving the properties of the number systems in the GA is to involve 
arithmetic. The idea of change the flip-bit mutation for simply adding 1 means that 
we will have instances in a binary system where we need to carry. Because these 
are different rules in binary and phinary we allow them to show their colours as 
systems, below is the binary carry on bit 31 of a random chromosome :

(fig 17)

The changed values are coloured green/yellow, the zero becomes a one (no 
different to a mutation operation) but the then one cascades along the chromosome 
changing a series of bits. At the end of the chromosome the carry will carry bits 
away and they will be ignored (bits 64+). The Phinary rules are a little more 
complicated and can alter the chromosome in both directions from the changed bit:

(fig 18)
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Standardisation
A prominent feature in phinary and other Pisot systems such as beta-expansion of 
the Plastic constant is standardisation, this is the conversion of a number to its 
absolute minimal form using as little powers of the radix as possible. The rule for 
phinary are that 011 becomes 100, using this and the overflow rules for addition in 
phinary we can standardise a random bitstring with a recursive function that starts at 
the far right and checks for non-standard form or overflow, deals with it then starts 
back at the far right. In the below image 'B' is the beginning string, 'S' is standarising 
a non-standard instance and 'O' is dealing with overflow:

(fig19)
4.3 Square Search Problem
This problem will be looking for a 144x144 square (Fibonacci numbers), originally I 
began developing a multiploid genotype with seven chromosomes looking for a set 
of Fibonacci squares but the GA wouldn't converge in a reasonable time, here is one 
result from 20000 generations (left target image, right generated best):

(Fig 20)

Restricting it to one square ment that collecting data was easier and having a 
haploid genotype with one chromosome ment it ran faster. The encoding split up a 
35bit (for binary) and 42bit (for fib) string into five sections:

x y width height Colour index

The reason for the different chromosome lengths was the difference in numeric 
representability (see appendix A). The fitness function for this was the absolute 
values of the target-generated for {x,y,w,h,c} added together. In the multiploid model 
I also printed out a very expensive fitness averaging the difference in pixel colour 
and it did not always increase when the cheap fitness increased, sometimes it even 
decreased.
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5. Results
(showing figures 21 to 29)

5.1 Ackley Function
To perform a generic test across all number systems we ran 1000 genetic algorithms 
(per encoding type) for 100 generations and plotted the fitness:

The encoding types didn't have any special additions such as arithmetic operations 
and they showed an obvious bias to the radix economy. Infact they stay pretty much 
in order of radix value, binary having the smallest fitness at any given generation. Of 
the complex systems,IRC was the best performing. The Dragon B encoding, which 
used the absolute values for x and y was notably slower than Dragon A binary that 
used the real and imaginary values for x and y, but Dragon B converged to a smaller 
fitness as seen in the final fitness chart below:
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5.2 Rosenbrock's Function (IEEE-style):
Before adding the developed arithmetic operators to the genetic algorithms we 
wanted to see if having the global optimum as a member of the Phinary number 
system would effect the performance, the chart below shows the results from testing 
various Rosenbrock variations with IEEE- style encoding, because of the vast large 
numbers we decided not to go this route, but here were the initial results:

Rosenbrock's Function (and edited versions):
Using the much simpler MaxLog encoding style we tried again, in the below chart it 
shows clearly that with the integer global in R1 (x=1, y=1) that binary trumps 
phinary, and respectively R5 (x=√5, y=5) and Rp (x=φ, y=1+φ) have similar 
outcomes.
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Going on this data any function could be used, but it seemed appropriate to target 
the Rp function (as the next section relates to the number system), here we 
introduce the newly developed arithmetic operations aimed at making the genetic 
algorithm more associated with its number system:

Although the chart shows a very steep convergance for the standardised methods, 
we must make it clear that the standardisation (which carries bits away) doesn't 
happen instantly so that is why there is a sudden aggressive drop. This does not 
take away from the fact that the standardised methods out-perform all the other 
methods as can be seen in the final fitness chart below:

After such a successful set of testing on Rp, we wanted to take a look at the Ackley 
function again to see if that, having a minimum of f(0,0) = 0, it would fair better or 
worse for phinary. We discarded Phi + Arith and Phi + Stand then ran them on the 
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Ackley function. It showed clearly that binary was the best with Phi A+S coming in 
second.

Square Searching
Here we did the same as with Rp and Ackley and tested out the methods alongside 
their additional operators.

There is a clear disadvantage to using standardisation alone on Fib encoding, but as 
can be seen in the final fitness chart below is that arithmutation WITH 
standardisation works better than arithmutation:
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Interestingly binary encoding WITH arithmutation comes out on top as the best final 
convergance, for fibonacci encoding though it seems any additional operator is a 
hindrance. 
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6. Conclusion

It can be seen from the results that in all cases with no arithmetic operations the 
standard binary encoding is the most efficient technique. This is because the bit-
autonomous nature of a genetic algorithm strips the number system of any 
properties that derrive from it as a power series. Notably when the Arithmutate 
operator was used instead of mutate (in an atempt to close the relationship to the 
number system) it had an adverse effect on the accuracy and convergance.  Where 
the more connected the bitstring relationship became, the worse it behaved. This 
can be seen in the difference between binary arithmutations (which had one carry) 
and phinary arithmutations (which had three carries). Phinary arithmutation 
performed the worst in terms of efficiently and accuracy.

When standardisation was introduced the phinary system out performed the 
standard binary system, both with and without arithmutation, but why?

If we look at the studies on beta-expansion we see that for phinary there are an 
infinite amount of finite expansions of the number 1. The standardisation rule can be 
derived from the smallest expansion of 1.

1φ = 0.11φ therefore the standardisation rule says 011φ -> 100φ.

What this means for standardisation in genetic algorithms is that given some 
bitstring {****...*}, we have the equalities:

{1000...} = {0110...} = {01011...} = {0101011...} = ...

After standardisation they are all {1000...}, meaning a random mutation followed by 
standardisation has a higher chance of finding (standard) values within the bitstring. 
It is important to note that we're talking about standard values within the bitstring, 
because of the minimal nature of Phinary and our choice to carry away bits the 
range is greatly decreased in comparison to the unstandardised version. This is an 
example of schemata and it can be seen that in the schemata fitness landscape 
there are multiple points with equal fitness value. This only happens periodically in 
binary as the expansion of 1 in its smallest binary form is:

12 = 0.111...2 

therefore in any finite system there is no standardisation for binary. When 
performance dropped on the Ackley function it corrolated with the above concept 
because the target for x and y, 0, has no expansion. Almost nullifying the previous 
advantage. It is also fair to assume that the global minimum would have to be a 
member of the Dirichlet Integers to gain the full advantage. But there is obviously a 
localised effect given to numbers near Dirichlet integers which is why it didn't 
completely nullify the effect (it is about twice as good as phinary with nothing).

With Fibonacci encoding it comes down to the amount of possible values available, 
when standardisation is introduce that becomes rapidly reduced, so to get to a high 
number a very ordered schemata has to form (with {1010101...01} being the highest 
value) explaining the drop in performance.
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7. Future work

Some open questions in the field of number systems touched on in this paper are:

 Is it only Pisot numbers that have finite beta-expansions?
 Do non-greedy constructed number systems (such as the (1+7i)/2 and √2 

systems) have any practical uses?
 What is the utility of a number system?

One extension of this work would be to examine the ternary systems base e (which 
has 'the most economic radix') against base 3 to see if, without numeric operators, it 
truly comes down to soley bitstring length vs representability.

We had wanted to include Improper Fractional Bases (IFB) and Factoid Systems in 
this report but they begin as systems of higher order than binary, for example the 
first IFB is 3/2 which uses the digits [0,1,2]. They both had very different encoding 
methods that may have held unique attributes, just for intrigue here is the 
construction of the number 19 in base 3/2 from the paper "Predicting Improper 
Fractional Base Integer Characteristics" (B Dorminy et al):

|0|0|0|0|19| First we start with the number in base 10

|0|0|0|12|1| Subtract 6*3, carry 6*2 (remainder 1)

|0|0|8|0|1| Subtract 4*3, carry 4*2

|0|4|2|0|1| Subtract 2*3, carry 2*2 (remainder 2)

|2|1|2|0|1| Subtract 1*3, carry 1*2 (remainder 1)

so 19 = 21201(3/2)

In general terms a number in base p/q (where p > q) is converted from decimal by 
subtracting p and carrying q until that unit is less than p, therefore the digits of a 
number in base p/q are [0, ..., q].
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Appendix A

1 to 10 in Binary Integer Radix Systems (Standard and Mixed Radix):

2 -2 -1+i Gray Zerkendorf

1 1 1 1 1 1

2 10 110 1100 11 10

3 11 111 1101 10 100

4 100 100 111010000 110 101

5 101 101 111010001 111 1000

6 110 11010 111011100 101 1001

7 111 11011 111011101 100 1010

8 1000 11000 111000000 1100 10000

9 1001 11001 111000001 1101 10001

10 1010 11110 111001100 1111 10010

1 to 10 in Binary Non-integer Radix Systems (Standard):
The number systems are in ascending order by the real value of their radix 
(aproximate values are -1.8, -0.5, 1.3, 1.4, 1.6, 1.8). Next to the radix is the 
minimal polynomial they are the solution to.

-β 
(x3 - x2 - x - 1)

(-1+i√7)/2 
(x2 + x + 2)

ρ 
(x3 - x - 1)

1 1 1 1

2 111.1 1010 100.0001

3 100.111001 1011 1000.01000001

4 101.111001 11100100 10000.1000001000001

5 11100101 100000.1000001000001

6 11101110 1000000.0100000000001

7 11101111 10000100.000000001000000001

8 11101000 10000000.100000001000000001

9 11101001 10000100.000000001000000001

10 11100110010 100000000.00100000100000001

√2 
(x2 - 2)

Φ 
(x2 - x - 1)

β 
(x3 - x2 - x - 1)

1 1 1 1

2 100 10.01 10.001

3 101 100.01 11.001

4 10000 101.01 100.100011

5 10001 1000.1001 101.100011

6 10100 1010.0001 110.101011
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7 10101 10000.0001 1000.101011

8 1000000 10001.0001 1001.101011

9 1000001 10010.0101 1010.11010011

10 1000100 10100.0101 1100.010100011

Unused graphical data

The four below examples are the 1st (black), 10th (dark grey), 100th (light grey) and 

1000th (white) positions of 1000 solutions. These early GAs were run with a 

population of 10, crossover rate of 90 and mutation rate of 5:

Individuals falling into local optima. Binary encoding on the Ackley func.

Dragon encoding on the Ackley func,  
the Gaussian lattice is apparant.

IRC encoding on the Ackley func, the 
Eisenstein lattice is apparant.

(figures 30 to 33)
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Appendix B

Rules for arithmetic in Metallic systems:

Standardisation: 0BN +> 1B1

Overflow: 0C00 +> 1CA1

Negation: 00N +> [1B1]*N

Where B is the floor of the base, in phinary for example this is 1 because the 

floor of 1.61803.. is 1. Like in the alphabet, C = B+1 and A = B-1. Underlined 

units are negative and N can be any positive integer and +> means add to.

Examples from my blog can be found in the screenshot below:
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Appendix C

Here is the important code for the BitStrainer:

//This is how the greedy algorithm constructs the real numbers in Appendix A:

string BetaConverter(int N, long double radix) 

{ 
long double runningVal = N; int power, shift;
vector<int> powers;
string expansions = "";

shift = log((double)N)/log(radix); 
shift += 1; 
power = shift+1;

//Add initial power (MSD) //powers.push_back( abs(power - shift) );
double nextPower = 0.0; 
for(double temp = N; TestFour(temp, 0.0); temp -= nextPower) 
{ //====MATH====== 

do 
{ 

--power; 
nextPower = pow(radix,power); 

}while(TestFour(nextPower, temp));

if(powers.size() < 100) 
powers.push_back( abs(power - shift) ); 

else { expansions += "FAIL: "; break; } 
}

vector<int>::reverse_iterator riter = powers.rbegin(); 
for(int i = 1; i < ((*riter)+1); ++i) 
{ 

if(i == shift+1) expansions += ".";
if( CheckPowers(powers, i) ) 

expansions += "1"; 
else expansions += "0"; 

}

return expansions; 
}
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